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Abstract

Consider a simple structural break model where y,= o, + f,f(x,) +u, for t<k, and
V.=, + fof(x,) +u, for t>k, The timing of break and the structural parameters are
unknown. Suppose the true functional form of the regressor f(-) is misspecified as g(-). We
do not place too many restrictions on the functional forms of f(-) and g(-). A frequently
encountered example in economics is that the true model is measured in level, but we
estimate a log-linear model, i.e. when f(x,) = x, and g(x,) =log(x,) For any f(*) and g(-), we
derive a nonstandard limiting null distribution of the sup-Wald test statistic under some very
general regularity conditions. Monte Carlo simulations support our findings. © 1999 Elsevier
Science B.V. All rights reserved.
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1. Introduction

The first generation studies of structural-break models derive tests for the
existence of break under the assumption that the timing of break is known a priori
(Chow, 1960). The exogeneity of the break point has long been criticized, but the
Chow test dominated for decades, as other tests endogenizing of the timing of
break did not provide a useful distributional theory for hypothesis testing purposes
(Quandt, 1960; Brown et al., 1975). The asymptotic distributions of the sup-Wald,
sup LM and sup LR test statistics for structural break at unknown timing were
recently puzzled out by Andrews (1993). These distributions are constructed based
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on correct model specification. In many instances, however, we may not know what
variables should be included and in what functional form they appear in the model.
Misspecification of structural-break models has been considered by Chong
(1995a,b). He shows that the break point can still be consistently estimated even if
the number of breaks is underspecified.

This paper considers the asymptotic null distribution of the Wald type test for
parameter instability when some or all of the variables in a structural break model
are misspecified. The results given here cover most types of specification errors in
the independent variables. The paper is organized as follows: Section 2 presents the
model and states the necessary assumptions. Section 3 derives a nonstandard
asymptotic null distribution of the sup-Wald test statistic for parameter instability
under specification errors. Simulations are performed in Section 4 to support our
theory, and a conclusion is drawn in Section 5. All proofs are collected in an
Appendix.

Before proceeding to the next section, we present some frequently used mathe-
matical notations. Let |w| = zr(w'w)"? be the Euclidean norm of the matrix w. [x]
signifies the greatest integer < x. Define a matrix to be O, (1) if all of its elements
are O, (1). The symbol % represents convergence in probability, <4 represents
convergence in distribution, and ‘=" denotes the weak convergence in D [0,1] (see
Billingsley, 1968 and Pollard, 1984). All limits are as the sample size 7— oo unless
otherwise stated.

2. The model and assumptions

We consider a general multivariate structural-break model with a single break
and i.i.d. innovations. Suppose the true model is:

Y=1LFp, + LFB,+ U. 2.1)

However, we misspecify the functional form of the regressors and estimate the
following model:

Y= ]aGﬂAl[rT] + ]bGﬁz[m + U, (2~2)

where
Y is a T by 1 matrix with elements y,, t=1,2, ..., T.
Fis a T by P matrix with the (7, p)"” element f,(x,,), where f,(-) is a real value
function, p=1, 2, ..., P.
G is a T by P matrix with the (7, p)” element g,(x,,), where g,(*) is a real value
function, p=1,2, ..., P.
Uis a T by 1 matrix with the ¢™ element u, an i.i.d. process with zero mean and
a finite variance o2
I, is a T by T diagonal matrix with the (¢, #)* element 1 {r<k}. 1{-} is an
indicator function that equals 1 when the statement inside the bracket is true and
equals 0 otherwise.
I,=1—1,
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I, is a T by T diagonal matrix with the (z, 1) element 1{r <k,}.

L=1—1,.

b= Pors oo Br)s Br=(P12> Pazs---» Ppo) are P by 1 vectors of true pre- and
post-shift structural parameters, respectively.

ﬁAl[m and /?Z[m are P by 1 vectors of regression coefficients’ estimates for
0<t<kand k <t <T, respectively.

Uisa T by 1 matrix of the residuals for the misspecified model.

Let k =[zT], where t€[0, 1] the break fraction.

Let O/ and Q,, be positive definite and non-stochastic matrices with the (i, j)”
element lim;,_,  1/T 2/ E( fi(x,)f,(x,)) and lim,_,  1/T Z7_ | E(g,(x,)g;(x,)), re-

spectively, Q,, a non-stochastic matrix with the (i, /) element lim,_, 1/T Z]_,

E(g,(x,,)f;(x,)).

Let By (7) and B,,(7) be P by 1 vectors of Brownian motions, and B, (7) and
B (7) P by P matrices of Brownian motions.

We assume that:

1

?F’IGFL tQ;  uniformly for z€[0, 1], (Al)
1
?G’IMG 5 70,, uniformly for z€[0, 1], (A2)
1
?G’I,,Fi tQp  uniformly for z€[0, 1], (A3)
1 '’
TTF I,U= By, (1), (A4)
1
7G,IaU = Bgu(‘[)a (AS)
JT
1
ﬁ(TG’IaG - ngg> = B, (1), (A6)
1
ﬁ<TG'IaF TQ/g> = By (1), (A7)

Forall 1<h<j<T,1<p<P, 3 some real numbers r>2, C,>0 and D,>0
such that

E [zi:hﬁ,(x,p Wi < C,(j—hy? (A8)
and
E| 3 g, < D,(/—hy™,
inf  detF'(I(k,) — I(k,))F >0, (A9)
Tt detG k) — (k)G > 0, (A10)

0<k,<ky<T
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0o = (10,f1,5)€0 = [1,7] x Bx B=(0,1) x R*". (A1D)

Assumptions 1-3 imply the regressors are stationary and ergodic, trending
regressors are not allowed under these assumptions. Assumptions 4-7 are for
statistical inference purposes, they also bound the variation of the stochastic
insignificant terms and help to construct the uniform convergence result. Assump-
tions 6 and 7 allow the explanatory variables in G and F to be stochastic. If all the
explanatory variables in G and F are non-stochastic, then we have B,(7)=
B,,(t) =0. Non-stochastic F and G will not affect our result. In fact, it simplifies
our analysis. Assumptions 9 and 10 ensure the invertibility of the matrices defined
there, so that the structural estimators are properly defined asymptotically as well
as in the finite sample. Assumption 11 requires the true break point to be in a
compact set in (0,1), this assumption is necessary because the structural estimates
ﬂl[m and ,6’2[7” are not defined at the boundary of time domain.

For any given values of 7, the least-squares estimators of the pre- and post-shift
parameters of (2.2) are, respectively:

Bien=(G'L,G)"'G'LY, (2.3)
[<T]
,6?2[77] =(G',G)"'G'L Y.

We define the break-point estimator as the timing where the residual sum of
squares is minimized, namely:
7= Arg minRSS (1), (2.4)
el

where

RSS(t) = | Y — I,GB oy — 1,GPopery

E
is the residual sum of squares in the least squares estimation.

For ease of exposition, we consider here the case of a single regressor, i.e. P =1.
Suppose the true model is:

yo=pf(x,)+u fort=12..k,. (2.5)
yv,=pf(x,)+u, fort=ky+1,..,T

For any given 7, our estimated model is:
o= Pieng(x,)  fort <[<T], (2.6)
V= EZ[TT]g(xt) for 1> [¢T].

Assumptions A1-A7 imply the following:

def | [7]
Silt) = Zf(x,)2 4 to7 uniformly for 7€[0, 1], (A1)

def ] [T
See(1) == Z g(x,)? 5 to; uniformly for 7€[0, 1], (A2)
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ng(r) = lt[if(x,)g(x,) — 10, uniformly for z€[0,1], (A3)
5021 S = B, (o), (A%)
JTE
def 1 [0
Se(D)= f;lgm)u, By, (2). (AS)
ﬁ(Sggm—w§)=7,§l(g(x,)2—o )= B (2), (A
VT(S(0) — 70) ft;(f(x,)g(x,) o) = B (A7)

where B,,,(t), B;,(7), B, (t) and B,(r) are Brownian motions with zero mean and

variances 70’07, 0’0y, lim E<1/T (g (x,)* — 02)> and lim E<1/T sl
2

(f(x,)g(x,) —ay) | , respectively.

The residual sum of squares is defined as:

[zT] N r ~
RSSi(7r) = Z,l(yz - /))l[rTJg(xt))z + Z 0. — ﬁz[fng(xz))z'

t=[cT)+ 1

3. The sup-Wald test

In this section, we will investigate the validity of the sup-Wald type test statistics
under specification errors. In general, the pre- and post-shift estimators will be
inconsistent when misspecification occurs. However, if there is no structural break,
the probability limits of the pre- and post-shift estimators are the same. While in
the presence of break, their probability limits are different. Therefore in the
presence of specification errors, the Wald type test that based on the magnitude of
the estimated break (Hawkins, 1987) will still be a consistent test. However. because
the model is misspecified, the limiting distribution of the test statistic will be
affected.

Suppose (2.1) is the true model, but (2.2) is estimated, the Wald statistic for the
hypothesis H,:; = 5, is defined as:

Tt(l—1) »

W0 = s (o) Parra = Pura G GBary = Bra) (3.1)

Theorem 1. If assumptions A1-A10 hold, then under Hy:f,=f,=pf, T— o0, we
have:

(eB4(1) — B,4(1)) Qy' (B4 (1) — B,(7))

WT = 2 ’
2 (L= N0+ f(0y— O)F)

(3.2)
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and

d B,(1)—B ‘"0 (tB,(1)—B
wp I (2) > sup B0 = Bal) O B, (1) = B (2)
veS teS (1 =1)(a”+ p(Qy— Q)f)
where S denotes a set whose closure lies in (0, 1), Q= 0},04"'0 and B,(t)=
(B(7) — Boo(1)0.,' O )f + B, (v) is a P-vector Brownian motions on [0, 1]. If all
the explanatory variables in G and F are non-stochastic, then we have Bg(t)=
B, (1)= 0 and as a result B,(t)= By, (7).

(3.3)

If there are no specification errors, we have B,(7)= Bj(7r), 0= 0, and
sup,.sWr(1)= SUP@M

(1 —1)
Brownian motions. Thus the limiting distribution reduces to the supremum of the
square of a standardized tie-down Bessel process of order P. If P =1 and if x, and
x, are independent V¢ # s, Theorem 1 can be reduced to:

where B(7) is a P-vector of independent

Corollary 2. When P = 1, suppose assumptions AI1-AI10 hold, and x, and x, are
independent Nt # s, then under H,: ;= [,=[f, as T— o0, we have:

(zB(1) — B(1))*

Wi (t)=C(p, 07, 03 0, 0°) A0 (3.4)
¢ (zB(1) — B(0))®
S)jg Wi () - C(p, Uﬁ Jﬁ, Ofgs 02)571615 7:(1——1)’
where
Y
C 9 2’ 23 9 2 = b
e T o O G = o)

1t

7]
Y= 020—; + ﬁzo-_/z’g hmT—» fﬂ?—v Z Var(f(x,)g(x,)q;g I— g(xt)zo'g 2)9

t=1
B(t) is a Brownian motion on [0, 1].

If all the explanatory variables in G and F are non-stochastic, then ¥ = ¢%¢; and
C(B, 0}, 02 0 07) = (1 + f0 (07— 0, %02) .

Thus, the asymptotic null distribution of the sup-Wald statistic is the supremum
of the square of a standardized tie-down Bessel process of order one multiplied by
a scaling factor. Note that the scaling factor depends on the absolute values of the
structural parameters as well as on the moments of the true and misspecified
functions. If there is no misspecification, we have f(x,) = g(x,), o;=0;=

0. C(B, 0}, 0404 0°)=1 and
4 (B(1) — B(x))®
sup..s Wr(1) - SUPIGSW,

which is the conventional null distribution of sup-Wald test statistic for testing
structural break. When f(x,) ~nid(0, 1), g(x,)=f(x,)?, ¢*=1, we have:
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oz + FPE(f(x)%) _ 3+ 156> 1454

or+ap’?

4. Experimental evidence

This experiment is to verify Corollary 2.
Using the definition of W (7) in (3.1), Table 1 (A—C) shows the critical value ¢
such that:

i

Table 1

sup Wi(t)>c¢

ze(h,1 —A)

)-=

T3+ 4% 1L+ p

(A) shows the critical values in the absence of specification errors, the values are very close to those
obtained in Andrews (1993); (B) and (C) display the critical values under specification errors®

(A) b=1, (No specification errors), C(f,1,1,1,1)=1

f=1 f=2 f=3

c(,1,1,1,1)=1 ce 1,11, 1)=1 C3, L1, 1,1)=1
N 01 0.05 001 0.1 005 001 0. 0.05 0.0
025 643 797 1140 625 773 1113 623 770 11.06
020 6.69 819 1173 674 829 1145 659 827 1161
015 714 862 1217 7.15 870 1225  7.04 894  12.62
0.10 7.5 9.08 1284  7.62 928 1291  7.64 923 12.68

2

(B) b=2, C($,1,3,0,1) = 1+5ﬂ2

f=1 +h f=2 p=3

C(1,1,3,0,1)=3 C(2,1,3,0,1)=42 C(3,1,3,0,1)=4.6
N 01 0.05 001 0.1 005 001 0. 0.05 001
025 1847 271 3259 2559 3182 4457 27.86 3477 50.22
020 1874 2303 3335 2696 33.08  47.04 2895 3584 52.52
0.15  20.16 2463 3474  28.08 3409 4946 3101 3791 53.08
0.10 2144 2584 3508  29.10 3525 5000 32.70 3911 54.25

2

(©) b3, C(A1,153,1) = 2380~

Fe1 541067 4, 5=3

C(1,1,15,3, 1) = 7.51 C2,1,15,3, 1) = 15.03 C(3,1,15,3, 1) = 18.84
N 01 0.05 0.0l 0.1 005 001 0. 0.05 001
025 3412 4538 7584  66.44 88.93 14285 8174 10575 17534
020 3792 5092 82.55  70.73 93.47 150.11 8880  113.97 191.29
0.15  40.70 53.50 8835  76.67 9837 16743 9898 12877 203.62
0.10 4674 62.68 10029  88.57 11400 182.37 10843  141.82 22342

41t is apparent that the values in (B) and (C) are close to the values in (A) multiplied by the
corresponding factor C(f, 67, 03, 64, 0?). These results support Corollary 2.



428 T. Tai-leung Chong / Structural Change and Economic Dynamics 10 (1999) 421-430

True model:
ye=px,+u, t=12,..,T
Misspecified models:
y,=pxb+u, t=1,2,...,T.

T =1000 (sample size),

N = 1000 (number of replications),

x, ~n.id. (0,1),

u, ~n.i.d. (0,1),

{x,}7_, and {u,}I_, are independent of each other.

5. Conclusion

For decades, specification error has been an important topic in econometric
modellings. This paper examines how the hypothesis testing of structural-break
models is affected under specification errors. We show that under the null of no
structural break and under almost any kinds of data transformations on the
independent variables, the sup-Wald statistic converges in distribution to the
supremum of the square of a standardized tie-down Bessel process multiplied by a
scaling factor. The theoretical limiting distribution of the sup-Wald statistic is
confirmed by computer simulations.
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Appendix A

Proof of Theorem 1. Define
Sien =~/ T(G'L,G) " 'G'I,F— (G'L,G) ~'G'IF)

1 -1 1 =
— ﬁ((G’I,,G)— \G'IF— (1 — ‘L’)<TG'I,,G> Qp+(1— f)(TG’I,,G> 04
1 -1 1 1
- T<TG’1aG> O+ T<TG/1uG> 0, —(G'1,G)~ 1G/1,,F>

_ ﬁ((lTG’I,,G> ) 1<1TG’I,,F— (- r)Qfg>



T. Tai-leung Chong / Structural Change and Economic Dynamics 10 (1999) 421-430 429

+ <1TG’I,,G> 1<1TG’IuG _ TITG’G><1TG'1“G> 0,
1 —1/1
_ <G’I G> <TG/IHF— TQ,}Z))
— ﬁ(( G'I,G >_ 1<1G’I,,F— (1— r)Qf,> - <1G’I G> . 1<1 G'IF— 0, >
T s ) T\ 70 T «

Lo (Lo (Lee LorG)
+ \ ? b T TQgg ? - Qgg ? a Qfg'

Using assumptions A2, A7 and AS,

1
Sl[‘rT] (1 )Q;;I(TB@,(I) Bfg(f)_(Tng(l)_ng(‘[))Qg_ngfg)

If all the explanatory variables in G and F are non-stochastic, then
Sipen = 0.

Similarly, using assumptions A2 and AS,

1 -1
Soper = < G,Ib(;) G'I,U < G'LG G'LLU

NG
Q' (1B, (1) — By, (7).

)

1
=
(1 —1)
1
Under H, of no structural break, f,=f,=/f, = RSST(‘L') Lo+ B (Qr— 0)p,

Tz(1
W) = e Dt = B 66— Frc)
1 —
= 1T(7‘[)(S1[ﬂ]ﬁ + Sz[rn) G G(Sl[-ﬂ]/g + Sz[rn)
T RSS;(7)

(TB (1) = B4 (1)) Qg ' (B4 (1) — B,4(7))
(1 —1)(o*+ B'(Qy— O)F)
where Q= 07,0..'0. B (1) = (B (1) — B, (1) Q' O ) + B, (1) is a P-vec-
tor Brownian motions. By the Continuous Mapping Theorem, we have:
(tB4(1) — B4(1)) Qg (tB,4(1) — B4(7)),
(1 =)0+ B(Qy— Q)F)

where S is a set whose closure lies in (0, 1).H

d
sup W (t) — sup
TeS 7eS

Appendix B

Proof of Corollary 2. When P = I, and if x, and x, are independent V¢ # s, then
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d
BA(T) = (Bfg(f)a_f;l - ng(T)O'; z)o-fgﬂ + Bth(T) = \Pl/zB(T)s
. 1 :
where ¥ =o%0;+ f?0lim, T 2 Var(f(x,)g(x,)o " —g(x,)’0, %) and B(1)

Brownian motion process in [0, 1].

supW(2) “ sup (zB,(1) — B,(2))
wes L wes ©(1 —7)(0202+ (o202 — 02,))

a (tB(1) — B(x))?
= C o) oo o O Ty

where
b4

oo+ N ojor—07,)

C(ﬂa 0-/2'9 O-éa Q/ga 02) u
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